We develop the topological band theory for systems described by non-Hermitian Hamiltonians, whose energy spectra are generally complex. After generalizing the notion of gapped band structures to the non-Hermitian case, we classify "gapped" bands in one and two dimensions by explicitly finding their topological invariants. We find nontrivial generalizations of the Chern number in two dimensions, and a new classification in one dimension, whose topology is determined by the energy dispersion rather than the energy eigenstates. We then study the bulk-edge correspondence and the topological phase transition in two dimensions. Different from the Hermitian case, the transition generically involves an extended intermediate phase with complex-energy band degeneracies at isolated "exceptional points" in momentum space. We also systematically classify all types of band degeneracies.
Topological band theory provides a unified framework for a wide range of topological states of quantum matter [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] such as insulators, (semi)metals and superconductors, and of classical wave systems [11] [12] [13] [14] such as photonic crystals and mechanical metamaterials. In this theory, band structures of periodic media are classified by topological invariants associated with energy eigenstates in the momentum space. A well-known example is the TKNN invariant or Chern number [1, 15] for band structures in two dimensions with an energy gap. An important consequence of this classification is that the interface between topologically inequivalent media necessarily hosts gapless boundary states, whereby the topological invariant changes its value.
Studies of topological band theory have so far mostly dealt with systems described by Hermitian Hamiltonians. Recently there has been a growing interest in topological properties of non-Hermitian Hamiltonians [16] [17] [18] [19] [20] [21] [22] [23] [24] applicable to a wide range of systems such as (but not limited to) systems with open boundaries [25] [26] [27] [28] [29] [30] and systems with gain and/or loss [20, [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . Interestingly, non-Hermitian systems have unique topological properties with no Hermitian counterparts. A fascinating example is non-Hermitian Hamiltonians at exceptional points, where two or more eigenstates coalesce [25, [47] [48] [49] [50] [51] . Very recently, the topological nature of exceptional points in non-Hermitian Hamiltonians with additional symmetries have been recognized [16] [17] [18] [19] [20] . Dynamical phenomena near exceptional points are also being explored both theoretically [52] [53] [54] [55] [56] [57] [58] [59] and experimentally [60, 61] .
In this work, we develop the topological band theory for non-Hermitian Hamiltonians and explore its consequences, highlighting unique features due to nonHermiticity. We start by defining the notion of "gapped" non-Hermitian band structures whose energy spectrum is generally complex. We then classify topologically distinct "gapped" band structures and topologically stable band degeneracies. Non-Hermitian bands with nonzero Chern numbers in two dimensions are shown to support protected edge states, with a range of energies connecting two bulk bands in the complex plane. A new topological invariant unique to non-Hermitian band structures is found from the energy dispersion, instead of Bloch wavefunctions. Furthermore, we find that the topological phase transition between distinct "gapped" non-Hermitian Hamiltonians generally involves an intermediate phase with band degeneracies at isolated points in momentum space, leading to the first realization of exceptional points in two-dimensional band structures.
Consider a non-Hermitian Hamiltonian of a periodic system, whose eigenstates are Bloch waves and whose energies E n (k) vary with crystal momentum k in the Brillouin zone (BZ), thus defining a band structure. Here n is the band index that labels different eigenstates. While E n (k) are generally complex, we define a band n to be "separable" if its energy E n (k) = E m (k) for all m = n and all k. We define a band n to be "isolated" if E n (k) = E m (k ) for all m = n and all k, k , i.e., the region of energies {E n (k), k ∈ BZ} in the complex plane does not overlap with that of any other band. In this case, we say the band E n (k) is surrounded by a "gap" in the complex energy plane where no bulk states exist. A band is called "inseparable" if at some momentum the complex-energy is degenerate with another band. Our definition of "separable", "isolated" and "inseparable" bands are mathematically natural generalizations of the gapped, fully gapped and gapless bands in the Hermitian case, and form the basis of our topological classification to be presented below.
Chern Numbers in 2D Separable Bands Associated with each separable band is a set of energy eigenstates defined over the BZ. Topological invariants, such as the (first) Chern number for an energy band in two dimensions, can be constructed from these eigenstates in a similar way as in Hermitian systems.
However, an important difference now is the left eigenstate and right eigenstate of a non-Hermitian matrix H = H † are generally unrelated, although they share the same eigenvalue. The right and left eigenstates satisfy the following eigenvalue equations:
respectively. For separable band structures, one can prove that ψ Thus for any separable band with energy E n in two dimensions k ≡ (k x , k y ), one can construct four different gauge invariant Berry curvatures:
with the normalization condition ψ α n |ψ β n = 1. α, β = L/R. We refer to B LL , B LR , B RL and B RR as "left-left", "left-right", "right-left" and "right-right" Berry curvatures.
The integrals of these four Berry curvatures over the BZ define four seemingly different Chern numbers:
where ij = − ji . Importantly, we prove all four Chern numbers are equal N LL = N LR = N RL = N RR , implying that the topology is captured by a single Chern number. We emphasize that these four Berry curvatures are indeed locally different quantities, although their integrals all yield the same Chern number. The proof is presented in Supplemental Material Sec. II. These Chern numbers will vanish if
A remarkable universal result of the topological band theory in Hermitian systems is the existence of topologically protected edge states localized at the interface between two topologically distinct gapped phases, with energies inside the band gap. For non-Hermitian Hamiltonians, we ask whether topological edge states exist, and if so, what are their energies in the complex plane.
For concreteness, we first show the existence of topological edge states in a generalized two-dimensional Dirac fermion model with non-Hermitian terms:
The energy dispersion of H is obtained by diagonalization:
with k ≡ |k|, κ ≡ (κ x , κ y ) and κ ≡ |κ|. For κ < |m|, this complex-energy band structure is separable by our definition above. It then follows from continuity that the separable bands at m < −κ and m > κ are adiabatically connected to the gapped bands in the Hermitian limit δ = κ = 0 with m < 0 and m > 0 respectively by tuning κ to zero, and therefore are topologically distinct with Chern numbers differing by 1.
To demonstrate the existence of topological edge states, we solve the domain wall problem, where two semi-infinite domains with different parameters (κ 1 , m 1 , δ 1 ) and (κ 2 , m 2 , δ 2 ) are separated by a domain wall along the y axis. Since the momentum parallel to the interface k y is conserved, we can write the edge state wavefunction as ψ ky (x, y) = e ikyy ψ ky (x) and solve the one-dimensional generalized Dirac equation for ψ ky (x):
where
take respective values in the regions x > 0 and x < 0. θ(x) is the step function. ψ ky (x) is required to be continuous at the interface x = 0.
The solution of Eq. (5) with the step-like domain wall takes the following form
(6) Localized edge states only exist when Re(1/λ + ) > 0 and Re(1/λ − ) < 0.
Solving λ ± for the most general case is complicated. For κ y = 0, we can obtain the analytical solution when the Dirac mass m have opposite signs in the regions x < 0 and x > 0. The localization lengths are [62] 1/λ + =|m 1 
Here s i = m i /|m i | is the sign of the Dirac mass. The dispersion of these edge state is still E ky = s 2 k y as in the Hermitian case. Comparing Eq. (7) with the solution in the Hermitian limit, a nonzero κ x,i modifies the edge state localization length. The requirements on the sign of Re(1/λ ± ) are satisfied only for separable band structures |κ x,i | < |m i |. For general cases κ x , κ y , δ = 0, we find numerically that when the two domains have topologically distinct separable band structures, there exists a band of edge states localized at the domain wall. The energies of these edge states have both real and imaginary parts, which lie inside the "gap" in the complex energy plane and connect to bulk bands. Fig. 1 shows an example of the complexenergy spectra for bulk and topological edge states in our domain wall setup. A detailed discussion on the numerics, along with the discussion of a similar lattice model, can be found in Supplemental Material Sec. IV.
Vorticity of Energy Eigenvalues
In addition to the Chern number, we find a new topological invariant associated with the energy dispersion of non-Hermitian band structures, rather than the energy eigenstates. Enabled by complex rather than real energies, this invariant ν mn (Γ) is defined for any pair of the bands as the wind- ing number of their energies E m (k) and E n (k) in the complex energy plane :
where Γ is a closed loop in momentum space. We call ν mn (Γ) the vorticity. In the following, the subscript is suppressed when the band indices m and n are evident. A nonzero vorticity defined on a contractible loop Γ in the BZ implies the existence of a band degeneracy within the region enclosed by Γ, where E m (k 0 ) = E n (k 0 ). For a pair of separable bands, the vorticity can be nonzero only for non-contractible loops in the BZ. As we will see, this leads to a (Z/2) d classification of d-dimensional separable bands. For example, consider the non-Hermitian Hamiltonian in one dimension
where σ ± ≡ σ x ± iσ y and b ± (k) are complex functions of k with periodicity 2π. The spectrum of H(k) is
The two bands are separable when b ± (k) = 0 for k ∈ [0, 2π]. Taking Γ to be the entire one-dimensional BZ, the vorticity ν Γ is simply half the sum of winding numbers of b + (k) and b − (k) around the origin of the complex plane. Although the winding of b + (k) and b − (k) are always integers due to periodicity, the vorticity ν Γ can be a half-integer, and is quantized as Z/2. It is important to notice the square root singularity in the dispersion of Eq. (10). Due to this singularity, when ν Γ is a half-integer, both the pair of energy eigenvalues (E + , E − ) and the corresponding eigenstates (|ψ + , |ψ − ) are swapped without encountering any degeneracy as the momentum is traversed along Γ [63, 64] . Fig. 2(a) shows such a scenario of ν Γ = 1/2.
The Z/2 classification we found for separable nonHermitian Hamiltonians in one dimension is in contrast with the case of gapped Hermitian Hamiltonians, all of which are topologically trivial.
In one dimension, there is no topologically protected edge state within the "gap" in the complex energy plane. Without chiral symmetry, one can always add on-site potential to lift the energy of the edge state into the bulk spectrum. We note that the zero modes found in [18, 19] are due to the chiral symmetry, and our understanding is in accordance with [24] .
Topologically Stable Band Degeneracies Having completed the classification of separable band structures, we now study topologically stable band degeneracies in nonHermitian systems, which cannot be removed by small perturbations. In Hermitian systems, a famous example of topologically stable band degeneracies is the Weyl point in three dimensions [10] , whereas band degeneracies in two dimensions such as the Dirac point are unstable in the absence of symmetry. The stability of Weyl point is intimately related to the fact that finding a level degeneracy in a Hermitian matrix generically requires tuning 3 parameters. Since energy eigenvalues of non-Hermitian Hamiltonians are complex, one might expect finding a level degeneracy requires tuning even more parameters. Remarkably, the contrary is true. For non-Hermitian Hamiltonians, finding a level degeneracy generically re-quires tuning 2 parameters [50] . Also, the Hamiltonian at the generic degeneracy points are defective, i.e., its entire set of eigenstates do not span the full Hilbert space. A pedagogical review of these results is in Supplemental Material Sec. V.
Therefore, non-Hermitian periodic Hamiltonians in two or higher dimensions can have a new type of stable band degeneracy at defective points, which has no analog in Hermitian band structures. The k ·p Hamiltonian near such a defective point takes the following standard form, up to a unitary transformation,
where i = x, y, j = x, y, z, a, and c ij are complex numbers. The dispersion to the leading order of k is
where c x = 2 (c xx + ic xy ) and c y = 2 (c yx + ic yy ). The degeneracy is defective if = 0. In the general case c x , c y = 0 and Im(c y /c x ) = 0, the band degeneracy defined by Eq. (11) and (12) is called an "exceptional point" in the literature [25, [48] [49] [50] [51] . A concrete example of a k · p Hamiltonian near an exceptional point is
, whose dispersion is shown in Fig. 2(b) . Contrary to their name of "exceptional", we find exceptional points to be ubiquitous in non-Hermitian band structures in dimensions greater than one. In particular, exceptional points appear in topological phase transitions in two dimensions, giving rise to a inseparable intermediate phase. Hermitian Hamiltonians in two dimensions do not have robust band degeneracies in the absence of symmetry.
Our claim can be demonstrated using the generalized Dirac model Eq. (4). The intermediate regime |m| < |κ| separates the two topologically distinct separable band structures at m > κ and m < −κ. In this intermediate regime, the two bands E ± (k) cross at two isolated points k ± in the momentum space:
Heren ≡ κ/κ. It is straightforward to check that k ± are exceptional points. Generated from a separable band structure with zero total vorticity, these two exceptional points have opposite vorticities. The phase diagram of Eq. (4) and the typical trajectory of these two band degeneracy points are shown in Fig. 3 . When κ = |m| = 0 the exceptional point pair inevitably merges at
where s = m/|m|. Denote q = k − Q s . The dispersion near such a degeneracy reads q n ≡ q ·n is the component of q alongn direction. The Hamiltonian is defective at this degeneracy. However, it belongs to the case c y = Im(c y /c x ) = 0 in Eq. (12) . The dispersion is proportional to √ q and q along the direction ofn andẑ ×n, resulting in a zero vorticity. Being defective but with no vorticity distinguishes this degeneracy from the exceptional point. We call it "hybrid point" due to the anisotropy in the dispersion. We leave a systematical study of band degeneracies resulting from merging two exceptional points [65, 66] in Supplemental Material Sec. VI. The remaining special case m = κ = 0 hosts a ring of exceptional point at k = |δ| [27] . This "exceptional ring" is present due to the rotational symmetry at κ = 0, hence is generally unstable in two dimensions. As δ tends to zero, the ring shrinks to a Dirac point. Only then do we recover the Hermitian topological phase transition point. In summary, the most general scenario of nonHermitian topological transition is through "hybrid point -exceptional point pair -hybrid point", instead of the Dirac point in the Hermitian case.
As already been discussed earlier in this paper, the square root singularity in Eq. (12) leads to the pair switching of eigenvalues/eigenstates around an exceptional point. This can be characterized by the halfinteger quantized topological invariant ν Γ defined in Eq. (8), where Γ encloses a single exceptional point. It follows from Eq. (12) that ν Γ = ±1/2 whose sign is determined by the sign of Im(c y /c x ). Therefore, exceptional points are characterized by topological charges ±1/2.
We note that in Ref. [19] there is a similar formula characterizing the topology of the exceptional point, which can be seen as a special case of Eq. (8), with the spectrum being symmetric with respect to E = 0, i.e., a = 0 in Eq. (11) . In Ref. [21] , the loop topology of exceptional points is characterized by the integral of the Berry phase when it is encircled twice. This can be seen as a special case of Eq. (8) when the Hamiltonian is complex symmetric or of size 2 × 2. In general, this phase is a path-dependent geometric phase and is thus not quantized [67] [68] [69] .
Extension of non-Hermitian topological band theory to higher dimensions, different symmetry classes and its applications to a wide range of physical systems will be presented in forthcoming works. 
I. PROOF OF NON-ORTHOGONALITY OF LEFT AND RIGHT EIGENSTATES
Suppose the eigenvalues of H are non-degenerate. This means the Jordan normal form of H is diagonal: H = P JP −1 , where P is an invertible matrix and J is diagonal. First rewrite it as HP = P J. Then the n-th column of P is a right eigenstate of H, corresponding to the eigenvalue E n , denote as |ψ R n ⟩. Then rewrite HP = P J as 
II. PROOF OF CHERN NUMBER EQUALITIES
Since the proof is for any given band, we suppress the band index n in the following. Our proof relies on the fact the Chern number is an obstruction to a global gauge of the wavefunction in the whole BZ [1] , and the gauges of the left and right eigenstates are "locked" to each other because ⟨ψ
It is convenient to introduce the Berry connection for a given band:
Here α, β = L/R. Consider a patch P in the BZ, whose boundary ∂P has circumference L. A schematic diagram is shown in Fig. 1 . We first choose a local gauge I in P for the right eigenstate, denote as |ψ R I ⟩. We then choose another gauge II in T 2 BZ − P , denote as |ψ R II ⟩. (We can always divide the BZ into more patches and follow the similar arguments below if two patches are not enough for well-defined local gauges. ) For the case α = β = R, the two gauges are related by the gauge transformation
on the boundary ∂R. For the case α = L and β = R, on the boundary
Both r(k) and f (k) are continuous real functions. Eq. (2) and Eq. (3) satisfy ⟨ψ
respectively. Straightforward calculation gives the transformation law of the Berry connection
Berry curvature can be seen as the curl of the Berry connection:
where α = L/R. Notice that this number is quantized, pure imaginary, and is independent of the choice of α. There is no dependence of r(k) because
Hence we have proved N LR = N RR . Physically, this is because the normalization condition ⟨ψ α (k)|ψ R (k)⟩ = 1 fixes the gauge of |ψ α (k)⟩, and hence the Chern number is solely determined by the gauge of the right eigenstate. With the same spirit, we can prove
Since the integral of the Berry curvature is purely imaginary according to Eq. (6), we have N LR = N RL . Combine all the equalities, we finally finished the proof N RR = N LR = N RL = N LL . We note that although the Chern numbers are the same, the gauge invariant Berry curvatures are locally different. In fact, the left-right Berry curvature is a complex number while the left-left and right-right Berry curvatures are purely imaginary.
We have verified all the results in this section numerically using the generalized Dirac model Eq. (4) in the main text.
III. VANISHING OF THE CHERN NUMBERS
Since we have proved N RR = N LR = N RL = N LL , we only consider N LR in the following. According to Eq. (3) in the main text, the Chern numbers can vanish because (a) The Berry curvature vanishes at all k, i.e.,
T . This is equivalent to a complex symmetric Hamiltonian. For 2 × 2 Hamiltonians H = b · σ, this means b y = 0. Only two Pauli matrices are allowed.
(b) The Berry curvature cancels in the whole BZ, i.e.
This indicates |ψ
T . The relation of these conditions with the symmetry of the Hamiltonian will be discussed in a separate paper.
IV. BULK-EDGE CORRESPONDENCE IN 2D
In this section, we first discuss the numerical solution of the domain wall problem (Eq. (5) in the main text) in detail. Then we show the numerical result of a similar problem on the square lattice to strengthen the discussion.
In order for the ansatz Eq. (6) in the main text to satisfy Eq. (5) in the main text, the following equations and conditions should be satisfied: (i) Wavefunctions at both domains have the same energy:
(ii) Continuity of the wavefunction at x = 0:
(iii) Localized edge state
E(k) is generally complex and this makes an analytical solution hard to obtain. The imaginary part of E(k) depends on κ y and δ, and vanishes only under two circumstances: (a) When κ y = 0. The reason is that κ x only gives the mode propagating perpendicular to the domain wall a dissipation, since the boundary is along the y direction; (b) When the gain and loss provided by the two domains cancels delicately. For example, the imaginary part Im(E(k = 0)) as a function of κ 1,y and κ 2,y is plotted in Fig. 2 . It vanishes only when κ 1,y + κ 2,y = 0.
FIG. 2. (Color online)
The imaginary part of the edge state energy Im(E) at k = 0 as a function of κ1,y and κ2,y. The transparent blue surface is the Im(E) = 0 equal energy surface. Here m1 = −m2 < 0 and κ1,x = κ2,x = δ1 = δ2 = 0. The energy unit is |m1| = |m2|.
To strengthen the discussion of the topological phase transition in the continuous Dirac model, here we consider a lattice model on a square lattice. The bulk Hamiltonian is given by
In the following, t = 1 is the energy unit. In the Hermitian limit κ x = κ y = 0, this model hosts a topological phase transition. |m| < 2 corresponds to the topologically nontrivial phase and |m| > 2 corresponds to the topological trivial phase. There are band degeneracies at |m| = 2 where four Dirac fermions are located on k = (0, 0), (0, π), (π, 0) and (π, π). In order to see the effect of edge states, we numerically compute the complex spectrum of this model under a cylinder geometry. The lattice is periodic along y direction, and has a finite number of n sites along x direction. In Fig. 3 we present the complex spectrum of a topologically nontrivial system with n = 40. In both of the panels, the bulk spectrum is separable. We can see clearly that two chiral edge states within the complex-energy "gap" connect the bulk bands. In the upper panel, the edge states do not dissipate. In the lower panel, the edge states have a constant imaginary energy due to the nonzero κ y . These results are consistent with those of the domain wall problem perfectly discussed in the main text. 
V. NON-HERMITIAN LEVEL DEGENERACY REQUIRES TUNING 2 PARAMETERS
In this section, we review the well-established result that finding a level degeneracy in non-Hermitian Hamiltonians generically requires tuning 2 parameters [2] .
It suffices to consider an 2×2 effective Hamiltonian H near the degeneracy point, obtained by projecting the generic HamiltonianH to the subspace of these two levels. The most general form of H is
where I is the identity matrix, σ ≡ (σ x , σ y , σ z ) denotes Pauli matrices, parameter a is complex, and
Degeneracy of eigenvalues (E + = E − ) occurs when
The two equations above, which are the necessary and sufficient condition for level degeneracy, can be generically satisfied by tuning 2 real parameters in the Hamiltonian. 
This can be considered as the most general Hamiltonian at a non-Hermitian degeneracy. Importantly, for b ̸ = 0, the above 2 × 2 matrix has only one eigenstate (1, 0). Such a non-Hermitian Hamiltonian is called "defective", Only for the special case b = 0, H 0 is proportional to identity and has two degenerate and linearly-independent eigenstates. This result shows that the generic degeneracy points of non-Hermitian Hamiltonians are defective.
VI. MERGING TWO EXCEPTIONAL POINTS
In this section, we systematically study all four different scenarios when two exceptional points are moved together. Recall (Eq. (11) and (12) in the main text) that the most general Hamiltonian near the exceptional point could be written as H(k) = aI + ϵσ + + ∑ i,j k i c ij σ j , with the dispersion
where c x = 2ϵ(c xx + ic xy ) and c y = 2ϵ(c yx + ic yy ). The first two scenarios involve moving together two exceptional points with opposite charge, which we have already encountered when discussing the topological phase transitions.
(a) It is possible that c x = c y = 0 in Eq. (18) and there is no phase accumulation in the quadratic terms. This is actually the case when two exceptional points merge into the familiar Dirac point in the Hermitian Hamiltonians. The Hamiltonian
hosts two exceptional points at k = (0, ±δ) with vorticity ±1/2 respectively. As δ → 0, the exceptional points annihilate into the Dirac point, where there are neither interchange of the eigenvalues, nor the Hamiltonian is defective.
(b) There is another case when c x and c y in Eq. (18) have the same argument Im(c y /c x ) = 0 so that there is no net phase accumulation when the degeneracy is encircled. With a proper rotation of the momentum to k ′ x and k ′ y , the dispersion must be proportional to √ k ′ x at one direction and to k ′ y in another direction. Based on the dispersion profile, we call this degeneracy "hybrid point". We demonstrate hybrid point with the Hamiltonian H = (k x + iδ)σ x + k y σ y + mσ z , |δ| ≥ |m| > 0.
It has two exceptional points at k = (0, ± √ δ 2 − m 2 ) with opposite charges. When |δ| = |m|, the two exceptional points merge at k = 0 and the spectrum becomes E ± (k) = ± √ k 2 x + k 2 y + 2ik x m (Fig. 4) . It is obvious there is no interchange of the eigenvalues, although the Hamiltonian at this point is still defective. Moving together two exceptional points with the same charge gives the remaining two scenarios.
(c) The degeneracy is a "double exceptional point" with vorticity ±1, on which the Hamiltonian is defective. This can be seen from H = (k x + isk y )σ z + (δ + λ)σ x + iδσ y , δ ̸ = 0.
Here s = ±1. There are two vorticity s/2 exceptional points at k = (0, ± √ λ(λ + 2δ)). As λ → 0, k = 0 is a double exceptional point.
(d) The Hamiltonian is not necessarily defective when the vorticity is an integer. Consider the previous Hamiltonian Eq. (21) with δ = 0. The Hamiltonian at λ → 0 is now just a zero matrix, which is of course not defective. Although there is no interchanging of the eigenstates, the eigenvalues have a integer phase winding like a vortex. We thus name this point "vortex point". All the four types of degeneracy are summarized in the Table. I. The non-zero winding of the eigenvalues is not necessarily related to the defectiveness of the Hamiltonian. Except the exceptional point, all three other types of degeneracy need fine-tuning parameters and any perturbation will make them into two exceptional points in 2D.
